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1 Additive and Abelian Categories

1.1 Additive categories

Definition 1.1. An additive category C is a category such that

1. For A, B € C, Hom¢ (A, B) is an abelian group under some operation + such that for
any diagram

g
A%B 1?C’L>D
g2

inC,ho(gi+g2)of=hogiog+hogaof.
2. C has a zero object 0.
3. C admits finite coproducts.
Example 1.1. Ab is an additive category.
Example 1.2. Let R be a ring. R-Mod is an additive category.
Example 1.3. The full subcategory of R-Mod of finitely generated R-modules is additive.

Example 1.4. The category of topological abelian groups with continuous homomor-
phisms is additive.

Lemma 1.1. An additive category C admite finite product. In fact, for Ay, As € C, there
are natural isomorphisms A1 x Ay &2 A111As. For the inclusion morphisms v; : A; — A111As
and projection morphisms p; : A; X Ay — A;, we have p; o v; = ida,, p;otj =0 fori # j,
and vy opy + t2 0 po = ida;114,-

Proof. We have the (;s. define p; : A1 1 A5 — A; by

idg, =1
PP iz



which exists by the universal property of the coproduct:

Ay

A~

Then (11 0p1 +ta0pa)oty =11 = 11 0p1 + L2 0 pa = ida, 114, by the universal property
of the coproduct.

Given BeCand g; : B— A;,set Y = 11091 +t30g2 : B— A1 11 As. Then p;oy) = g;. If
0 : B — A;]] A2 is such that p;00 = g;, then 8 = (110p1 +130p3) 00 = 11091+ 13092 = .

% R
Ay Ay

O]

Definition 1.2. A} ® Ay = A; 11 Ay = A; X A is the biproduct (or direct sum) of A;
and As in C.

Definition 1.3. Let A be an object in an additive category C. By the universal property
of the product, there is a diagonal morphism A 4:

and a codiagonal morphism V 4:




Lemma 1.2. Let C be additive, let f,g : A — B be morphisms, and let f®g : ADA — BB
be induced by the universal property. Then f+g=Vp(f ®g)oAy.

Definition 1.4. A functor F' : C — D between additive categories is additive if for all
A,B eC, F :Hom¢(A, B) = Homp(F(A), F(B)) is a group homomorphism.

Example 1.5. If C is additive, h4 : C — Ab with h*(B) = Home(B, A) is contravariant.
Here, the hom sets are now abelian groups. The functor h* is additive.

Example 1.6. If N is a right R-module, let t5 : R — mod — Ab send t(M) = M ®r N
and f — f ®gridy. The functor ¢y is additive.

Lemma 1.3. F : C — D is additive if and only if I preserves biproducts; i.e. for
A1, A2 €C, F(A1 & As) — F(A1) @ F(Az) and F(A1) @ F(A2) — F(A1 & A2) are inverse
isomorphisms.

Proof. (== ): F(ui)o F(pi) = F(1; 0pi) = F(ida,) = idpa,)- If i # j, then F(i; 0p;) =
F(0) =0. Also,
F(t1) o F(p1) + F(t2) o F(p2) = F(tuop1 + 2 0p2) = F(ida,ga,) = 1dpa,@a,) -
( <= ) F preserves biproducts, so for f,g: A— BinC, F(f®g) = F(f) ® F(g). So,
by the lemma (twice),
F(f+g9)=F(Vpo(f®g)ola)

=F(Vp)o F(f ®g) o F(Ax)

= vFB o (F(f) @F(g)) OAF(a)

— F() + F(g). n

Lemma 1.4. A morphism in an additive category that admits kernels (resp. cokernels) is
a monomorphism (resp. epimorphism) if and only if it has kernel =0 (resp. cokernel =0).

Proof. If f : A — B is a monomorphism, then ¢ : ker(f) — A is a monomorphism such
that f ot = 0. Since f is a monomorphism, ¢ = 0. Since ¢ is a monomorphism as well, we
get ker f = 0.

The other direction is an exercise. O

1.2 Abelian categories

Proposition 1.1. Let C be an additive category that admits kernels and cokernels. If
f:A— Bis a morphism in C, then

1. im(f) = ker(B — coker(f)),
2. coim(f) = coker(ker(f) — A).



Definition 1.5. An abelian category is an additive category that admits all kernels and
cokernels and in which every morphism is strict (i.e. coim(f) — im(f) is an isomorphism
for all f).

Example 1.7. The category R-Mod is abelian. If f : A — B in R-mod, then coim(f) =
A/ ker(f) = im(f).

Example 1.8. Grp is not an abelian category because it is not additive. The Hom sets
are not groups.

Example 1.9. The category of finitely generated R-modules need not be abelian. If I C R
is an ideal which is not finitely generated and f : R — R/I, then ker(f) = I in R-mod,
which is not finitely generated.

Example 1.10. The category of topological abelian groups is not abelian. Let ¢t : Q — R
be the inclusion map using the discrete topology on Q and the usual topology on R. Then
coim(:) = Q and im(¢) = R, so these are not isomorphic; that is, ¢ is not strict.

Proposition 1.2. If C is small and D is abelian, then Fun(C, D) is abelian.



	Additive and Abelian Categories
	Additive categories
	Abelian categories


